I. INTRODUCTION
The coldest molecules available for experiments are diatomic molecules produced by association techniques in ultracold atomic gases. The basic idea is to bind atoms together when they collide at extremely low kinetic energies. If any release of internal energy is avoided in this process, the molecular gas just inherits the ultralow temperature of the atomic gas, which can in practice be as low as a few nanokelvin.
If moreover a single molecular quantum state is selectively populated, there will be no increase of the system's entropy. A very efficient method to implement such a scenario in quantum-degenerate gases, Bose-Einstein condensates and Fermi gases, relies on the magnetically controlled association via Feshbach resonances. Such resonances serve as the entrance gate into the molecular world and allow for the conversion of atomic into molecular quantum gases.
In this Chapter, we give an introduction into experiments with Feshbach molecules and their various applications. Our illustrative examples are mainly based on work performed at Innsbruck University, but the reader will also find references to related work of other laboratories.
A. Ultracold atoms and quantum gases
The development of techniques for cooling and trapping of atoms has lead to great advances in physics, which have already been recognized by two Nobel prizes. In 1997 the prize was jointly awarded to Steven Chu, Claude Cohen-Tannoudji and William D. Phillips "for their developments of methods to cool and trap atoms with laser light" [1, 2, 3] . In 2001, Eric A. Cornell, Wolfgang Ketterle and Carl E. Wieman jointly received the Nobel prize "for the achievement of Bose-Einstein condensation in dilute gases of alkali atoms, and for early fundamental studies of the properties of the condensates" [4, 5] .
Laser cooling techniques allow researchers to prepare atoms in the microkelvin range. The key techniques have been developed since the early 80's and a detailed account can be found in Refs. [6, 7] . In brief, resonance radiation pressure is used to decelerate atoms from a thermal beam to velocities low enough to be captured into a so-called magneto-optical trap or, alternatively, low-velocity atoms can be captured into such a trap directly from a vapor. In the trap the atoms are further cooled by Doppler cooling to temperatures of the order of one millikelvin. Then, for some species, sub-Doppler cooling methods can applied reducing the temperatures deep into the microkelvin range. Typical laser-cooled clouds contain up to about 10 10 atoms, and the atomic number densities are of the order of 10 11 cm −3 .
Such laser-cooled atoms have found numerous applications; a particularly important one is the realization of ultraprecise atomic clocks [8, 9] . The quantum-degenerate regime requires atomic de Broglie wavelengths to be similar to or larger than the interparticle spacing. As in laser-cooled clouds the phase-space densities are several orders of magnitude too low to reach this condition, further cooling needs to be applied. The method of choice is evaporative cooling [10] , which can be applied in conservative traps like magnetic traps. Evaporative cooling relies on the selective removal of the most energetic atoms in combination with thermal equilibration of the sample by elastic collisions. The process can be forced by continuously lowering the trap depth. By trading one order of magnitude in the particle number one can gain up to typically three orders of magnitude in phase-space densities, and eventually reach the quantum-degenerate regime. The typical conditions are then a trapped gas of roughly a million atoms with densities of the order of 10 14 cm
and temperatures in the nanokelvin range. Quantum degeneracy has been achieved with bosonic and fermionic atoms. The attainment of BoseEinstein condensation (BEC) in dilute ultracold gases marked the starting point of a new era in physics [11, 12, 13] , and degenerate Fermi gases entered the stage a few years later [14, 15, 16] . The reader may be referred to the proceedings of the Varenna summer schools in 1998 and 2006 [17, 18] , which describe these exciting developments. For reviews on the theory of degenerate quantum gases of bosons and fermions see [19] and [20] , respectively, and the textbooks [21] and [22] . The trapping environment plays an important role for the applications of ultracold matter, including the present one to create molecules. Most of the experiments on molecule formation are performed with optical dipole traps [23] for two main reasons. Such optical traps can confine atoms in any Zeeman or hyperfine substate of the electronic ground state; this includes the particularly interesting lowest internal state, which cannot be trapped magnetically. Moreover, optical dipole traps leave full freedom to apply any external magnetic fields, whereas in magnetic traps the application of additional magnetic fields would substantially affect the trapping geometry. A special optical trapping environment can be generated in optical lattices [24, 25] . Such lattices are created in optical standing-wave patterns, and in the three-dimensional case they provide an array of wavelength-sized microtraps, each of which may contain a single molecule.
The new field of ultracold molecular quantum gases rapidly emerged in 2002/03, when several groups reported on the formation of Feshbach molecules in BECs of 85 [31, 32, 33] . Signatures of molecules in a BEC had been seen before using a photoassociative technique [34] . In the fall of 2003, the fast progress culminated in the creation of molecular Bose-Einstein condensates (mBEC) in atomic Fermi gases [35, 36, 37] there is great interest in homo-and heteronuclear molecules both in weakly bound and deeply bound regimes.
B. Basic physics of a Feshbach resonance
Feshbach resonances represent the essential tool to control the interaction between the atoms in ultracold gases, which has been the key to many breakthroughs. Here we briefly outline the basic physics of a Feshbach resonance and its connection to the underlying near-threshold molecular structure. For more detailed discussions of the theoretical background see Chapters 6 and 11. The reader is also referred to two recent review articles [41, 42] .
In a simple picture, we consider two molecular potential curves V bg (R) and V c (R), as illustrated in Fig. 1 . For large internuclear distances R, the background potential V bg (R) asymptotically correlates with two free atoms in an ultracold gas. For a collision process with a very small energy E, this potential represents the energetically open channel, usually referred to as the entrance channel. The other potential, V c (R), representing the closed channel, is important as it can support bound molecular states near the threshold of the open channel.
A Feshbach resonance occurs when the bound molecular state in the closed channel is energetically close to the scattering state in the open channel, and some coupling leads to a mixing between the two channels. The energy difference can be controlled via a magnetic field when the corresponding magnetic moments are different. This leads to a magnetically tunable Feshbach resonance, which is the common way to achieve resonant coupling in the experiments with ultracold gases where the collision energy is practically zero.
A magnetically tuned Feshbach resonance can be described by a simple expression for the s-wave scattering length a as a function of the magnetic field B,
Figure 2(a) illustrates this resonance expression. The background scattering length a bg , which is the scattering length of V bg (R), represents the off-resonant value. It is directly related to the energy of the last bound vibrational level of V bg (R). The parameter B 0 denotes the resonance position, where the scattering length diverges (a → ±∞), and the parameter ∆ is the resonance width. The energy of the weakly bound molecular state near the resonance position B 0 is shown in Fig. 2(b) , relative to the threshold of two free atoms with zero kinetic energy. The energy approaches the threshold on the side of the resonance where a is large and positive. Away from the resonance, the energy varies linearly with B with a slope given by δµ, the difference in magnetic moments of the open and closed channels. Near the resonance the coupling between the two channels mixes in entrance-channel contributions and strongly bends the molecular state.
In the vicinity of the resonance position at B 0 , where the two channels are strongly coupled, the scattering length is very large. For large positive a, a "dressed" molecular state exists with a binding energy given by
where m r is the reduced mass of the atom pair. In this limit, E b depends quadratically on the magnetic detuning B − B 0 and results in the bend depicted in the inset of Fig. 2 . This region is of particular interest because of its universal properties; see discussions in Chapters 6 and 11. Molecules formed in this regime are extremely weakly bound, and they are described by a wavefunction that extends far out of the classically allowed range. Such exotic molecules are therefore commonly referred to as halo dimers; we shall discuss their intriguing physics in Sec. IV. These considerations show how a Feshbach resonance is inherently connected with a weakly bound molecular state. The key question for experimental applications is how to prepare the molecular state in a controlled way; we shall address this in Sec. II.
C. Binding energy regimes
The name Feshbach molecule emphasizes the production method, as it commonly refers to diatomic molecules made in ultracold atomic gases via Feshbach resonances. But what are the physical properties associated with a Feshbach molecule, and what is the exact definition of such a molecule? It is quite obvious that a Feshbach molecule is a highly excited molecule, existing near the dissociation threshold and having an extremely small binding energy as compared to the one of the vibrational ground state. To give an exact definition, however, is hardly possible as the properties of molecules gradually change with increasing binding energy, and there is no distinct physical property associated with a Feshbach molecule. Molecules created via Feshbach resonances can be transferred to many other states near threshold (Sec. III) or to much more deeply bound states (Sec. V), thus being converted to more conventional molecules. There is no really meaningful definition of when a molecule can still be called a Feshbach molecule, or when it loses this character. We therefore use a loose definition and call a Feshbach molecule any molecule that exists near the threshold in the energy range set by roughly the quantum of vibrational energy. Any other molecule we consider a deeply bound molecule, although views may differ on this. for the triplet and singlet potential, respectively. Nevertheless, ultracold Feshbach molecules can serve as the starting point for state transfer to produce very deeply bound, and even ground-state molecules, as we shall discuss in Sec. V. Two particular regimes of Feshbach molecules can be realized close to the dissociation threshold. The halo regime requires binding energies well below the so-called van der Waals energy E vdw (Sec. II in Chapter 6), which corresponds to about 3 MHz for Cs 2 and about 600 MHz for Li 2 . Molecules in high partial-wave states (Sec. III) can exist above the dissociation threshold, as the large centrifugal barrier prevents them from decaying; such metastable Feshbach molecules have a negative binding energy.
II. MAKING AND DETECTING FESHBACH MOLECULES
This Section discusses how to create ultracold molecules, starting from a degenerate or near-degenerate atomic gas. The three main experimental steps are illustrated in Fig. 4 . In a first step (a) atoms are converted into molecules, which can be done by sweeping the magnetic field across a Feshbach resonance. In a second step (b) a purification scheme can be applied that removes all the remaining atoms. In a third step (c) the molecules are forced to dissociate in a reverse sweep across the resonance in order to detect the resulting atoms. As an example, Figure 5 shows an image taken after the Stern-Gerlach separation of an atom-dimer mixture released from a trap; the smaller cloud represents a pure sample of Feshbach molecules. Similar techniques can also be applied to trapped atoms. In the following we describe the three steps of production, purification, and dissociation after a discussion of the important role of quantum statistics.
A. Bosons and fermions: role of quantum statistics
Ultracold diatomic molecules can be composed either of two bosons, two fermions, or a boson and a fermion. In the first two cases, the molecules have bosonic character, while in the third case the molecules are fermions. Bosons are described by wavefunctions, which are symmetric with respect to exchange of identical particles, while, in the fermionic case, the wavefunctions are antisymmetric. This fundamental difference has important consequences.
Identical bosons (fermions) can collide in even (odd) partial waves. The quantum-statistical character of a molecule can crucially influence its collisional stability. Feshbach molecules in highly excited vibrational states are in principle very sensitive to vibrational relaxation induced by atom-molecule and molecule-molecule collisions. If such an inelastic relaxation process occurs, the energy release is very large as compared to the trap depth and will result in an immediate loss of all collision partners from the trap. A remarkable exception to this general behavior are Feshbach molecules composed of fermionic atoms in a halo state, as they exhibit an extremely high stability against inelastic decay. The reason of this different behavior is a Pauli suppression effect. In a twocomponent Fermi mixture, relaxation processes are unlikely since they necessarily involve at least two identical fermions; for more details see Chapter 10 and Ref. [44] . An intermediate case can be found for molecules composed in a Bose-Fermi mixture of two atomic species. Here, the collisional stability depends on the atomic partner involved in a collision, either a boson or a fermion. Only in collisions with fermionic atoms, a similar Pauli suppression effect can be expected
The different degree of stability of bosons and fermions leads to a surprising result. One might think that the best way to achieve mBEC is the direct conversion of an atomic BEC. However, the stability of fermions turned out to be a key ingredient to experimentally achieve the condensation of molecules; see Sec. IV D. For attaining a collisionally stable mBEC of boson-composed molecules, their transfer into the rovibrational ground state (Sec. V) may be the only feasible way.
B. Overview of association methods
The optimum association strategy depends on several factors connected to the specific system under investigation. The main factors to consider are the quantum-statistical nature of the atoms that form the molecule and the particular Feshbach resonance employed. Ultralow temperatures and high phasespace densities are essential requirements for an efficient molecule creation. Therefore all association techniques start with an ultracold trapped atomic sample.
The most widespread technique for molecule association uses time-varying magnetic fields. The magnetic field modifies the energy difference between the scattering state and the molecular state. When the two states have the same energy, the scattering length diverges and a molecular state can be accessed in the region of positive scattering length (a > 0); see Sec. I B.
Magnetic field time-sequences include linear ramps, fast jumps, or oscillating magnetic fields. Figure  4 (a) illustrates a magnetic-field ramp, commonly referred to as "Feshbach ramp" [45, 46, 47] . A homogeneous magnetic field is swept across a Feshbach resonance from the side where a < 0 to the side where a > 0. The coupling between atom pairs and molecules removes the degeneracy at the crossing of the two corresponding energy levels. The resulting avoided level crossing can be used to adiabatically convert atom pairs into molecules by sweeping the magnetic field across the resonance, as indicated by the arrow in Fig. 4(a) . The atomic sample is partially converted into a molecular gas. In the fermionic case, the conversion efficiency does solely depend on the ramp speed and on the atomic phase-space density [48] , and can reach values close to one. In the case of bosons, the conversion efficiency is affected by inelastic collision processes. Near the center of a Feshbach resonance, the atoms experience a huge increase of the three-body recombination rate, while, after the association, the atom-dimer mixture can undergo fast collisional relaxation. The best parameters for molecule association require a compromise for the optimum ramp speed, which should be slow enough for an efficient conversion, but fast enough to avoid detrimental losses.
Inelastic collisional loss can be reduced by using more elaborate time sequences for the magnetic field or, alternatively, resonant radio-frequency techniques. The key idea is to introduce an efficient atommolecule coupling while minimizing the time spent near the resonance, where strong loss and heating results from inelastic interactions. An efficient technique is to apply a small sinusoidal modulation to the homogeneous field. The oscillating field then induces a corresponding modulation of the energy difference between the scattering state and the molecular state. The molecules are associated when the modulation frequencies match the molecular binding energies [49] . Typical modulation frequencies range from a few kHz to a few 100 kHz. The signature of molecule production is a resonant decrease of the atom number, as observed in gases of 85 Rb [50] and 40 K [51] , and in a mixture of the two isotopes 85 Rb and 87 Rb [39] . A resonant coupling between atom pairs and molecules can also be induced by a radio-frequency excitation, which stimulates a transition between the atom pair state and the molecular state without modulating the energy difference. Heteronuclear 40 K 87 Rb molecules were produced with this technique both in an optical lattice [38] and in an optical dipole trap [52] . Collisional losses can also be suppressed by using a suitable trapping environment. This is the case when atoms are prepared in an optical lattice with double site occupancy. A stable system with a single molecule in each lattice site can then be created using, for instance, a Feshbach ramp [53, 54] .
A completely different association strategy can be applied to create molecules in an atomic Fermi gas of 6 Li atoms. This special situation is particularly important as it has opened up a simple and efficient route towards mBEC [36, 37] ; see also Sec. IV D. Near a Feshbach resonance, in the regime of very large positive scattering lengths, atomic three-body recombination efficiently produces halo dimers. In a three-body recombination event in a two-component atomic Fermi gas, two non-identical fermions bind into a molecule while the third atom carries away the leftover energy and momentum. Usually, the energy released in three-body collisions is very large so that all collision partners immediately leave the trap. However, for the special case of halo dimers, the very small binding energies can be on the order of the typical thermal energies of the trapped particles and thus less than the trap depth [18] . The formation of halo dimers via three-body recombination then proceeds with small heating and negligible trap losses. This way of forming molecules can also be interpreted in terms of a thermal atom-molecule equilibrium [55, 56] . Typical time scales for the atom-molecule thermalization are on the order of 100 ms to 1 s, requiring the high collisional stability of fermion-composed molecules in the halo regime. As an trapped spin mixture of atomic 6 Li at a temperature of 3 µK. The experiment is performed near a broad Feshbach resonance, where a = +1420a0 and E b = kB ×15 µK = h×310 kHz. Nat and N mol denote the number of unbound atoms and the number of molecules, respectively. Adapted from Ref. [32] .
example, Fig. 6 shows how an initially pure sample of 6 Li atoms changes into an atom-molecule mixture [32] .
C. Purification schemes
Purification is an important step in many experiments with Feshbach molecules. The removal of atoms can be needed to avoid fast collisional losses of molecules. In other cases, pure molecular samples are needed for particular applications. Most of the purification schemes act selectively on atoms and they are applied on time scales short compared to the typical molecular lifetimes.
A possible purification strategy exploits the difference in magnetic moments of molecules and atoms. The two components of the gas can be spatially separated with the Stern-Gerlach technique, which uses magnetic field gradients [27, 28] ; for an example see Fig. 5 . This method is usually applied to gases in free space after release from the trap.
A fast and efficient purification method, well suited for the application to a trapped cloud, uses resonant light to push the atoms out of the sample by resonant radiation pressure [29, 53, 57] . The "blast" light needs to be resonant with a cycling atomic transition, which allows for the repeated scattering of photons. In many cases, the atoms are not in a ground-state sublevel connected to a cycling optical transition, so that an intermediate step is necessary. In the most simple implementation, this is an optical pumping step that selectively acts on the atoms without affecting the molecules. Alternatively a microwave pulse can be used to transfer the atoms into the appropriate atomic level. The high selectivity of this double-resonance method minimizes residual heating and losses of molecules from the trap.
D. Detection methods
A very efficient way to detect Feshbach molecules is to convert them back into atom pairs and to take an image of the reconverted atoms with standard absorption imaging techniques [27, 28] . In principle, each of the above-described association methods can be reverted and turned into a corresponding dissociation scheme.
A robust and commonly used dissociation scheme is to simply reverse the Feshbach ramp, as illustrated in Fig. 4(c) . The reverted ramp is usually chosen to be much faster than the one employed for association. either directly into the continuum or indirectly by passing through a d-wave shape-resonance state located behind the centrifugal barrier. Initially, the direct dissociation process dominates and preferentially populates isotropic s-wave states (a). Approaching the shape resonance, the pattern reveals first an interference between s-and d-partial waves (b), and then shows a pure outgoing d-wave (c). The given magnetic field values are relative to the field where dissociation is observed to set in. Adapted from Ref. [58] .
The molecules are then brought into a quasi-bound state above the atomic threshold. Here they quickly dissociate into atom pairs, converting the dissociation energy into kinetic energy. The back-ramp is usually done in free space and can be performed either immediately after release from the trap or after some expansion time (≈ 10 − 30 ms). The choice of the delay time between the dissociation and the detection sets the type of information that can be extracted from the absorption image. For a long delay time, the sample expands thus mapping the information on the momentum distribution onto the spatial distribution. The image then contains quantitative information on the dissociation energy [59] . For a short delay time, the absorption image simply reflects the spatial distribution of the molecules before the dissociation. Fast and efficient dissociation requires a sufficiently strong coupling of the molecular states to the scattering continuum. Molecular states with high rotational quantum number ℓ typically have weak couplings and high centrifugal barriers. A striking example is provided by Cs 2 Feshbach molecules with ℓ = 8 [43] . These molecules do not sufficiently couple to the atomic continuum and dissociation is prevented. There are two ways to detect them. The first is based on a time reversal of the association path (Sec. III B) [60] . The second exploits the crossing and the mixing with a quasi-bound state above threshold with ℓ ≤ 4 to force the dissociation [61] .
Dissociation patterns can also provide additional spectroscopic information. An example is shown in Fig. 7 . Here the dissociation patterns of 87 Rb 2 show strong modifications by the presence of a d-wave shape resonance [58] . In the halo regime, molecules can be detected by direct imaging [37, 62] . The imaging frequency for halo molecules is very close to the atomic frequency. Presumably, the first photon dissociates the molecule into two atoms, which then absorb the subsequent photons. In the case of heteronuclear molecules, directed imaging is possible in a wider range of binding energies. This happens because the excited and ground molecular potentials both vary as 1/R 6 ; see Chapter 5. In the homonuclear case, the excited potential varies as 1/R 3 [63] .
III. INTERNAL-STATE MANIPULATION NEAR THRESHOLD
Below the atomic threshold a manifold of molecular states exists. They correspond to different vibrational, rotational and magnetic quantum numbers, and belong to potentials correlated with different hyperfine states. Having different magnetic moments, many levels cross when the magnetic field is varied. When some coupling between two molecular states that cross is present an avoided crossing occurs. The concept of avoided level crossings is very general and has found important applications in many fields of physics. We have already discussed the application to associate molecules in Sec. II. In the field of ultracold molecules, the information on the avoided crossings is fundamentally important to fully describe the molecular spectrum and to understand the coupling mechanisms between different states. At the same time controlled state transfer near avoided crossings opens up the intriguing possibility to populate many different molecular states that are not directly accessible by Feshbach association.
A. Avoided level crossings
If an avoided crossing is well separated from any other avoided crossing, including the one resulting near threshold from the coupling to the scattering continuum, a simple two-state model can be applied. Consider two molecular states (i = 1, 2), for which the magnetic field dependencies of the binding energies E i of the diabatic states ϕ i are given by
where µ i are the magnetic moments, and B c and E c , the magnetic field and energy at which the two states cross, respectively; see Fig. 8 . The crossing is conveniently described in terms of adiabatic states if the two states are coupled by the interaction Hamiltonian H, i.e. ϕ 1 |H|ϕ 2 = 0. To obtain the corresponding adiabatic energies one has to solve the following eigenvalue problem,
where V = ϕ 1 |H|ϕ 2 is the coupling strength between the diabatic states. The adiabatic energies are given by
where the energies E + and E − correspond to the upper and lower adiabatic levels of the avoided crossing. The energy difference between the adiabatic levels is
which at the crossing is twice the coupling strength, i.e. ∆E(B c ) = 2V . Magnetic field (G)
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4 g (4 ) Let us illustrate the occurrence of avoided level crossings by the example of Cs 2 , for which the nearthreshold spectrum is shown in Fig. 9 . The molecular spectrum of Cs 2 provides many avoided crossings, basically for two reasons. First of all, there exists a high density of molecular levels because its large mass gives rise to a small vibrational and rotation spacing, and its large nuclear spin gives rise to many hyperfine substates. Secondly, relatively strong relativistic spin-spin dipole and second-order spin-orbit interactions couple many of these states. Most crossings in Fig. 9 are indeed avoided crossings and the inset shows one in an expanded view as an example. As they are well separated from each other, the simple two-state model applies very well.
The crossing position B c and the coupling strength V can be measured by different methods. Magnetic moment spectroscopy relies on measuring the effect of a magnetic field gradient after the molecular cloud is released from the trap. The difference in the position of a molecular cloud after a fixed time-of-flight with and without a magnetic field gradient is directly proportional to the magnetic moment. In the avoided crossing region the magnetic moment of the adiabatic molecular states shows a rapid change with magnetic field. This technique has been applied to map out several avoided crossings of the Cs 2 spectrum, from which one is shown in Fig. 10(a) . Another method relies on direct probing of ∆E by radio-frequency excitation between the adiabatic states, as demonstrated for 87 Rb 2 [64] .
More sophisticated methods rely on Ramsey-type or Stückelberg interferometry, which have been applied to avoided crossings in 87 Rb 2 [64] and Cs 2 [60] , respectively. In the Ramsey scheme a radiofrequency pulse creates a coherent superposition. After a hold time and a second pulse, the population in one of the molecular branches is measured. This population shows an oscillation as function of the hold time with a frequency of ∆E/h. In the Stückelberg scheme a coherent superposition is obtained by a magnetic field sweep over the avoided crossing; see Sec. III B. After a hold time, a reverse magnetic field sweep is applied and the population in both molecular branches is measured. Here the oscillation frequency in the population is also equal to ∆E/h. In Fig. 10 (b) the mapping of a very narrow avoided crossing with the Stückelberg scheme is shown.
B. Cruising through the molecular spectrum A magnetic field ramp over the avoided crossing can be used for state-transfer. When the magnetic field is ramped slowly, the population follows the adiabatic states. This is a called an adiabatic ramp. If the change in magnetic field is very fast, the molecules do not experience the coupling between the diabatic states, and therefore remain in their initial state. This is a non-adiabatic ramp. The wellknown Landau-Zener model describes the final population in both molecular states after the ramp. The probability of adiabatic transfer is given by
whereḂ is the linear ramp speed andḂ c = 2πV 2 /( |µ 1 − µ 2 |). An adiabatic ramp corresponds to a ramp speed of |Ḃ| ≪Ḃ c , while a non-adiabatic ramp requires |Ḃ| ≫Ḃ c . Manipulation of the population over avoided crossings is fully coherent as there is no dissipation. Intermediate ramp speeds result in a coherent splitting of the population over the two molecular states. This property was demonstrated by a Stückelberg interferometer, in which two subsequent passages through an avoided crossing in combination with a variable hold time lead to high-contrast population oscillations, as shown in the inset of Fig. 10(b) . The required ramp speed for equal splitting is on the order of 1 G/µs for an avoided crossing with V ∼ h × 100 kHz.
The magnetic field ramps over avoided crossings allow to populate states that are not directly accessible by Feshbach association. This includes states that do not cross the atomic threshold, for example the 6g(6) state in Fig. 9 . There are also states that do cross the atomic threshold, but do not induce Feshbach resonances as the coupling with the atomic continuum is too weak. This occurs for molecular states with high rotational quantum number. For Cs 2 molecular states with ℓ > 4, e.g. the l-wave states shown in Fig. 9 , no Feshbach resonances exist. In Refs. [57, 61] the population of the l-wave states using avoided 
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Feshbach resonance, the resulting 4g(4) Feshbach molecules are brought to larger binding energies by ramping down the magnetic field. At a binding energy of about h × 5 MHz, the avoided crossing with the 6g(6) state is followed adiabatically. Then a fast ramp in the opposite direction is made, jumping the avoided crossing, after which a slow magnetic field ramp towards higher magnetic fields leads to adiabatic transfer from the 6g(6) to the 6l(4) state. The molecular sample in the 6l(4) state can be brought above the atomic threshold, as the large centrifugal barrier prohibits dissociation. Adapted from Ref. [61] .
crossings was demonstrated. As an example, the population scheme for one of the l-wave states is shown in Fig. 11 . The ability to populate molecular states that do not induce Feshbach resonances raises the question on the lifetime of these states above the atomic threshold, as the vanishing coupling with the atomic continuum implies that dissociation is suppressed. By studying the lifetime of the molecular sample above threshold it was found that l-wave molecules are indeed stable against dissociation on a timescale of 1 s [61] . The preparation of long-lived Feshbach molecules above the atomic threshold opens up the possibility to create novel metastable quantum states with strong pair correlations.
The method of jumping avoided crossings is in practice limited to crossings with energy splittings up to typically h × 200 kHz. For stronger crossings, fast ramps are technically impracticable and the crossings are followed adiabatically when the magnetic field is ramped, leaving no choice for the state transfer. This problem can be overcome with the help of radio-frequency excitation [64] . For 87 Rb 2 the transfer of molecules over nine level crossings was demonstrated when the magnetic field was ramped down from a Feshbach resonance near 1 kG to zero. This efficiently produced molecules with a binding energy E b = h × 3.6 GHz at zero magnetic field. The combination of these elaborate ramp and radiofrequency techniques allows for cruising through the complex molecular energy structure. The level spectrum serves as a molecular "street map" and by passing straight through crossings or performing left or right turns one can reach any desired destination.
IV. HALO DIMERS
Very close to resonance the Feshbach molecules are extremely weakly bound and become halo dimers. This halo regime is interesting because of its universal properties, regarding its intrinsic behavior (Sec. IV A) and its few-body interaction properties (Sec. IV B), in particular in the context of Efimov physics (Sec. IV C). The properties of fermion-composed halo dimers, extensively discussed in 
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FIG. 12: Radial wavefunction of a halo dimer, where R is the interatomic distance, extending far into the classically forbidden range where the wavefunction is proportional to e −R/a . The wavefunction is calculated for a Lennard-Jones potential and mr = 3 a.m.u. [65] . The potential depth is tuned such that the highest vibrational level, in this case v = 5, is in the halo regime.
Chapter 10, allow the realization of molecular Bose-Einstein condensation (mBEC), which is the topic of Sec. IV D.
A. Halo dimers and universality
For large scattering lengths a, the Feshbach molecule enters the halo regime, where its binding energy is given by Eq. 2. Its magnetic field dependence is illustrated in the inset of Fig. 2 . The halo state can be described in terms of a single effective molecular potential having scattering length a. In Fig. 12 a typical halo wavefunction is shown as function of the interatomic distance R. This highlights its remarkable property to extend far into the classically forbidden range, which is at the heart of its universal properties. The asymptotic form of the halo wavefunction is proportional to e −R/a and the average distance between the two atoms is a/2; see also Sec. V of Chapter 11. The halo regime requires a to be much larger than the range of the two-body potential. For ground state alkali atoms a characteristic range can be described by the van der Waals length
, where C 6 is the van der Waals dispersion coefficient; see Chapter 6 and 10. The corresponding van der Waals energy is E vdw = 2 /(2m r R 2 vdw ). Thus a halo dimer can be defined through the criteria a ≫ R vdw and E b ≪ E vdw . For some examples the van der Waals scales are given in Table I , where R vdw is expressed in units of the Bohr radius a 0 = 0.529 × 10 −10 m.
The halo regime corresponds to the universal regime for a > 0. The concept of universality is that the properties of any physical system in which |a| is much larger than the range of the interaction is determined by a, and therefore all these systems exhibit the same universal behavior [66] . In the universal regime the details of the short range interaction become irrelevant because of the dominant long-range nature of the wavefunction. The existence of the halo dimer at large positive a is a manifestation of universality in two-body physics [67] . Halo states are known in nuclear physics, with the deuteron being a prominent example. In molecular physics, the He dimer has for many years served as the prime example of a halo state. Feshbach molecules with halo character are special to other halo states in the sense that their properties are magnetically tunable. In particular, one can scan from the universal regime of halo dimers to the non-universal regime of non-halo Feshbach molecules.
In principle, every Feshbach resonance features a halo region. In practice, however, only a few resonances are suited to experimentally realize this interesting regime. Those are broad resonances with large widths |∆| (typically ≫ 1 G) and large background scattering lengths |a bg | that exceed R vdw [41, 42] . Prominent examples are found in the two fermionic systems 6 Li and 40 K, and the bosonic systems 39 K, Another universal feature of a halo dimer regards spontaneous dissociation, which is possible when its atomic constituents are not in the lowest internal states and open decay channels are present. In the halo regime the dissociation rate scales as a −3 , as has been observed for 85 Rb 2 [68] , and can be understood as a direct consequence of the large halo wavefunction [69] .
B. Collisional properties and few-body physics
The concept of universality extends beyond two-body physics to few-body phenomena, including the low-energy scattering properties of halo dimers. The inelastic collisional properties are important as inelastic collisions usually lead to trap loss, determining the lifetime of a sample of trapped halo dimers. At the same they provide a convenient experimental observable to study few-body physics. In general, the loss of dimers can be described by the following rate equation:
where α and β are the loss rate coefficients for dimer-dimer and atom-dimer collisions, respectively, and n A (n D ) is the atomic (molecular) density. Fast trap loss has been observed for Feshbach molecules in the non-universal regime, with α and β on the order of 10 −11 -10 −10 cm 3 s −1 ; see Sec. III of Chapter 3. The loss coefficient α is most conveniently measured using a pure molecular sample. To determine β an atom-dimer mixture is required, the atom number greatly exceeding the molecule number being beneficial.
In the universal regime, simple scaling laws for α and β can be derived. For halo dimers composed of two identical bosons β scales linearly with a [70, 71] , resulting in an enhancement of dimer loss near a Feshbach resonance. In contrast, for halo dimers made of two fermions in different spin states an a −2. 55 and an a −3.33 scaling are derived for α and β [44] , respectively, connected to the collisional stability of the molecular sample near a Feshbach resonance, as discussed in Sec. II A. Universal scaling laws are also derived for other atom-dimer systems [52, 72] , as well as for the related problem of three-body recombination in atomic samples [71, 72] . Inelastic dimer-dimer scattering represents an elementary four-body process. For four identical bosons a universal prediction has so far not been derived, as the four-body problem is substantially more challenging than the three-body problem. Experimentally one can investigate this process by measuring α in a pure molecular sample of halo dimers made of identical bosons, which has been done in the case of Cs 2 [73] . The results are given in Fig. 13 , showing a strong scattering length dependence of α. A pronounced loss minimum around 500a 0 is observed, followed by a linear increase towards larger a. The interpretation of this striking behavior is still an open issue and might stimulate progress in the theoretical description of the four-body problem.
For the elastic scattering properties, universal scaling laws have been derived for fermion-composed halo dimers. Both the atom-dimer and dimer-dimer scattering lengths simply scale with the atom-atom scattering length a, namely as 1. 2 a [74] and 0.6 a [44] , respectively. Therefore the elastic cross sections, being proportional to the square of these scattering lengths, are very large in the halo region. This leads to fast thermalization in an atom-dimer mixture and a pure dimer sample, opening the possibility of evaporative cooling. For boson-composed halo dimers the few-body problem is more complicated and universal predictions for their elastic scattering properties are so far lacking.
C. Efimov three-body states
Efimov quantum states in a system of three identical bosons [75, 76] are a paradigm for universal few-body physics. These states have attracted considerable interest, fueled by their bizarre and counterintuitive properties and by the fact that they had been elusive to experimentalists for more than 35 years. In 2006, experimental evidence for Efimov states in an ultracold gas of Cs atoms was reported [77] . In the context of ultracold quantum gases, Efimov physics manifests itself in three-body decay properties, such as resonances in the three-body recombination and atom-dimer relaxation loss rates. These resonances appear on top of the non-resonant "background" scattering behavior, given by the universal scaling laws discussed in Sec. IV B.
Efimov's scenario is illustrated in Fig. 14 , showing the energy spectrum of the three-body system as a function of the inverse scattering length 1/a. For a < 0, the natural three-body dissociation threshold is at zero energy. States below are trimer states and states above are continuum states of three free atoms. For a > 0, the dissociation threshold is given by the binding energy of the halo dimer; at this threshold a trimer dissociates into a halo dimer and an atom. Efimov predicted an infinite series of weakly bound trimer states with universal scaling behavior. When the scattering length is increased by a universal scaling factor e π/s0 , a new Efimov state appears, which is just larger by this factor and has a weaker binding energy by a factor e 2π/s0 . For three identical bosons s 0 ≈ 1.00624, so that the scaling factors for the scattering length and the binding energy are 22.7 and 22.7 2 ≈ 515, respectively. For a < 0, Efimov states are "Borromean" states [67] , which means that a weakly bound three-body state exists in the absence of a weakly bound two-body state. This property that three quantum objects stay together without pairwise binding is part of the bizarre nature of Efimov states. The Efimov trimers influence the three-body scattering properties. When an Efimov state intersects the continuum threshold for a < 0 three-body recombination loss is enhanced [79, 80] , as the resonant coupling of three atoms to an Efimov state opens up fast decay channels into deeply bound dimer states of the inverse two-body scattering length 1/a. The gray regions indicate the scattering continuum for three atoms (A+A+A) and for an atom and a halo dimer (A+D). To illustrate the series of Efimov states, the universal scaling factor is artificially set to 2. A pronounced resonance is observed at about +400 a0, corresponding to a magnetic field of 25 G. The solid curve is a fit of an analytic model from effective field theory [66] to the data for a > R vdw . Adapted from Ref. [78] .
plus a free atom. Such an Efimov resonance has been observed in an ultracold, thermal gas of Cs atoms [77] . For a > 0 a similar phenomenon is predicted, namely an atom-dimer scattering resonance at the location at which an Efimov state intersects the atom-dimer threshold [81, 82] . Resonance enhancement of β has been observed in a mixture of Cs atoms and Cs 2 halo dimers [78] ; see Fig. 15 . The asymmetric shape of the resonance can be explained by the background scattering behavior, which here is a linear increase as function of a. Efimov physics impacts not only the scattering properties of three identical bosons, but any threebody system in which at least two of the three pair-wise two-body interactions are large. Interestingly, depending on the mass ratio of the different components and the particle statistics, the scaling factor 
D. Molecular BEC
The achievement of Bose-Einstein condensations of molecules in out of degenerate atomic Fermi gases is arguably one of the most remarkable results in the field of ultracold quantum gases. The experimental realization was demonstrated in ultracold Fermi gases of 6 Li and 40 K and turned out to be an excellent starting point to investigate the so-called BEC-BCS crossover and the properties of strongly interacting Fermi gases [18, 20] . The realization of an mBEC of Feshbach molecules is only possible in the halo regime, where the collisional properties are favorable; see Sec. IV B.
In a spin mixture of 6 Li, containing the lowest two hyperfine states, the route to mBEC is particularly simple [36] . Evaporative cooling towards BEC can be performed in an optical dipole trap at a constant magnetic field in the halo region near the Feshbach resonance. In the initial stage of evaporative cooling the gas is purely atomic and molecules are produced via three-body recombination; see Sec. II B. With decreasing temperature the atom-molecule equilibrium favors the formation of molecules and a purely molecular sample is cooled down to BEC. The large atom-dimer and dimer-dimer scattering lengths along with strongly suppressed relaxation loss facilitate an efficient evaporation process. In this way, mBECs are achieved with a condensate fraction exceeding 90%. The experiments in 40 K followed a different approach to achieve mBEC [35] . For 40 K the halo dimers are less stable because of less favorable short-range three-body interaction properties. Therefore the sample is first cooled above the Feshbach resonance, where a is large and negative, to achieve a deeply degenerate atomic Fermi gas. A sweep across the Feshbach resonance then converts the sample into a partially condensed cloud of molecules. The emergence of the mBEC in 40 K is shown in Fig. 16 .
For very large a the size of the halo dimers becomes comparable to the interparticle spacing, and the properties of the fermion pairs start to be determined by many-body physics. For a < 0 two-body physics no longer supports the weakly bound molecular state and pairing is entirely a many-body effect. In particular, in the limit of weak interactions on the a < 0 side of the resonance, pairing can be understood in the framework of the well-established Bardeen-Cooper-Schrieffer (BCS) theory, developed in the 1950s to describe superconductivity. Here the fermionic pairs are called Cooper pairs. The BEC and BCS limits are smoothly connected by a crossover regime where the gas is strongly interacting. This BEC-BCS crossover has attracted considerable attention in many-body quantum physics [18, 20, 84] . A theoretical description of this challenging problem is very difficult and various approaches have been developed. With tunable Fermi gases, a unique testing ground has become available to quantitatively investigate the crossover problem.
V. TOWARD GROUND-STATE MOLECULES
Ultracold gases of ground-state molecules hold great prospects for novel quantum systems with more complex interactions than existing in atomic quantum gases. For the experimental preparation of such molecular systems, the collisional stability is an important prerequisite. This makes rovibrational ground states the prime candidates, as vibrational relaxation is energetically suppressed.
Stable BECs of dimers may for instance serve as a starting point to synthesize mBECs of more complex constituents. A particular motivation arises from the large electric dipole moments of heteronuclear dimers; see Chapter 2. This leads to the long-range dipole-dipole interaction, which is anisotropic and can be modified by an electric field. As a result, a rich variety of phenomena can expected, with conceptual challenges and intriguing experimental opportunities. Proposals range from the study of new quantum phases and quantum simulations of condensed-matter system (Chapter 12), to fundamental physics tests (Chapters 15 and 16) and schemes for quantum information processing (Chapter 17).
The method of STImulated Raman Adiabatic Passage (STIRAP) has attracted considerable interest as a highly efficient way to coherently transfer atom pairs or Feshbach molecules into more deeply bound state [85] . The method offers a high transfer efficiency without heating of the molecular sample, thus allowing to preserve the high phase-space density of an ultracold gas. Several groups are actively pursuing such experiments with the motivation to create quantum gases of collisionally stable groundstate molecules.
A. Stimulated Raman adiabatic passage
The basic idea of STIRAP to transfer population between two quantum states relies on a particularly clever implementation of a coherent two-photon Raman transition, involving a dark state during the transfer. For a detailed description of its principles and an overview of early applications, the reader may refer to Ref. [86] .
Let us consider a three-level system with |a and |b representing two different ground state levels, and |e being an electronically excited state, as shown in Fig. 17 . Laser 1 (2) couples the state |a (|b ) to the state |e and the Rabi frequency Ω 1 (Ω 2 ) describes the corresponding coupling strength [87] . The Rabi frequency is defined as d · E/ , with E being the electric-field amplitude of the laser field and d the dipole matrix element. The states |a and |b are long lived, whereas the excited state |e can undergo spontaneous decay into lower states.
An essential property of such a coherently coupled three-level system is the existence of a dark state |D as an eigenstate of the system. This state generally occurs if both laser fields have the same resonance detuning with respect to the corresponding transition, i.e. if the two-photon detuning is zero. The state is dark in the sense that it is decoupled from the excited state |e and thus not influenced by its radiative decay. The dark state can be understood as a coherent superposition of state |a and state |b ,
with state |e being not involved. The key idea of STIRAP is to slowly change Ω 1 and Ω 2 in a way that the system is always kept in a dark state. This avoids losses caused by spontaneous light scattering in the excited state |e [88] . One may intuitively expect that the transfer occurs by first applying Laser 1 and then Laser 2, as in a conventional two-photon Raman transition. STIRAP instead uses a counterintuitive laser pulse scheme, in which Laser 2 is applied first. Initially, only state |a is populated (Fig. 17a) ; this corresponds to the dark state |D if only Laser 2 is active. If one now slowly introduces Laser 1, the dark state |D begins to evolve into a superposition of |a and |b (Fig. 17b) . By adiabatically ramping down the power of Laser 2 and ramping up the intensity of Laser 1, the character of the superposition state changes and it acquires an increasing |b admixture (Fig. 17c-d) . When finally Laser 1 is on and Laser 2 is turned off, the population is completely transfered to the state |b (Fig. 17e) . This adiabatic passage through the dark state |D does not involve any population in the radiatively decaying state |e . We point out that the relative phase coherence of the two laser fields is an essential requirement for STIRAP. Moreover, it is important to note that the coherent sequence can be time-reversed to achieve transfer from |b to |a .
B. STIRAP experiments
In the experiments to create quantum gases of collisionally stable ground-state molecules, the initially populated state |a corresponds to a Feshbach molecule and |b is a deeply bound molecular state. The state |e is a carefully chosen electronically excited level, which has to fulfil two important conditions. To obtain large enough optical Rabi frequencies Ω 1 and Ω 2 the state must provide sufficiently strong coupling to both states |a and |b , demanding sufficiently strong dipole matrix elements besides the technical requirement of sufficiently intense laser fields at the particular wavelengths. Moreover, state |e needs to be well separated from other excited states, as a significant coupling to these would deteriorate the dark character of the superposition state. The population of the optically excited state |e leads to a strong background loss caused by spontaneous decay into other levels in a region corresponding to the single-photon transition linewidth. If the two-photon resonance condition is met (δ = 0), a suppression of loss occurs in a very narrow frequency range, which indicates the decoupling from the excited state. The behavior can be modeled on the basis of a three-state system, which provides full information on the relevant experimental parameters. In practice, the study of such a dark resonance is an important step to implement STIRAP. From Ref. [89] .
STIRAP transfer of 87 Rb 2 started with trapped Feshbach molecules. In order to characterize and optimize the experimental parameters, the study of a "dark resonance" was an essential step; see Fig. 18 . STIRAP could then be efficiently implemented to transfer the molecules from the last bound vibrational level (E b = h× 24 MHz) to the second-to-last state (h× 637 MHz) with an efficiency close to 90%. In the experiment with the heteronuclear 40 K 87 Rb molecules, STIRAP was demonstrated with final molecular binding energies of up to h × 10 GHz. Subsequent experiments then moved on to more deeply bound molecules and in particular to the rovibrational ground states of the triplet and the singlet potential. To bridge a large energy range with STIRAP the experiments become more challenging both for technical and for physical reasons. In particular, the optical transition matrix elements become an important issue, as they enter the optical Rabi frequencies. In molecular physics, the Franck-Condon principle states that an optical transition does not change the internuclear separation. As a consequence, the overlap of the wavefunctions between ground state and excited state, quantified by the so-called Franck-Condon factors, crucially enters into the matrix elements. A general rule of thumb can be given for finding a large Franck-Condon overlap based on a simple classical argument. The dominant part of the wavefunction occurs near the turning points of the classical oscillatory motion in a specific molecular potential. A large Franck-Condon factor for an optical transition can be expected if the classical turning points approximately coincide for the ground and excited state.
Molecules with large binding energies of about h × 32 THz were demonstrated in an experiment on 133 Cs 2 [91] . The experiment starts with the creation of a pure sample of Feshbach molecules in a weakly bound state |a with a binding energy of h × 5 MHz. Here the standard methods for association and purification are applied as described in Sec. II. A suitable Franck-Condon overlap was experimentally found for the particular choice of |e that is depicted in Fig. 19(a) . The vertical arrows indicate the optical transitions at internuclear separations where maximum wavefunction overlap occurs. The applied timing sequence is shown in Fig. 19(b) . In a first STIRAP pulse sequence, the molecules are transferred from |a to |b within 15 µs. After a variable holding time in state |b , the deeply bound molecules are reconverted into Feshbach molecules by a time-reversed STIRAP pulse sequence. The Feshbach molecules are then detected by the usual dissociative imaging. The experimental results in Fig. 19(c) show that 65% of the initial number of molecules reappear after the full double-STIRAP sequence, pointing to a single STIRAP efficiency of about 80%.
In the final stage of preparation of the present manuscript, breakthroughs have been achieved on the creation of rovibrational ground-state molecules in three different experiments. While Ref. [92] may not be feasible in a single STIRAP sequence. Two consecutive STIRAP steps involving different excited states [85, 94] promise a general way to achieve efficient ground-state transfer for any homo-or heteronuclear Feshbach molecule.
VI. FURTHER DEVELOPMENTS AND CONCLUDING REMARKS
In the rapidly developing field of cold molecules, Feshbach molecules play a particular role as the link to research on ultracold quantum matter. In this Chapter, we have presented the basic experimental techniques and discussed some major developments in the field. In this final Section, we briefly point to some other recent developments not discussed so far, adding further interesting aspects to our overview of the research field.
Intriguing connections to condensed-matter physics can be found when Feshbach molecules are trapped in optical lattices. In this spatially periodic environment, a Feshbach molecule can be used both as a well-controllable source of correlated atom pairs, and as an efficient tool to detect such pairs. A recent experiment [95] shows how Feshbach molecules, prepared in a three-dimensional lattice, are converted into "repulsively bound pairs" of atoms when forcing their dissociation through a Feshbach ramp. Such atom pairs stay together and jointly hop between different sites of the lattice, because the atoms repel each other. This counterintuitive behavior is due to the fact that the band gap of the lattice does not provide any available states for taking up the interaction energy.
Another fascinating example along the lines of condensed-matter physics is a quantum state with exactly one Feshbach molecule per lattice site, as illustrated in Fig. 20 . Such a state has vanishing entropy and closely resembles a Mott-insulator state [96] . It offers an excellent starting point for experiments on strongly correlated many-body states (Chapter 12) and on quantum information processing (Chapter 17), and for the production of a BEC of molecules in the internal ground state [85] . In the latter case, the basic idea is to convert the collisionally unstable Feshbach molecules into collisionally stable molecules in the rovibrational ground state. Then the lattice is no longer needed for isolating the molecules from each other and dynamical melting of the ordered state by ramping down the lattice may eventually lead to mBEC.
Novel phenomena can also be observed with Feshbach molecules in low-dimensional trapping schemes, such as one-dimensional tubes realized in two-dimensional optical lattices. Here a two-body bound state can exist also for negative scattering lengths, contrary to the situation in free space [97] . Low-dimensional traps also offer very interesting environments to create strongly correlated many-body regimes. Counterintuitively, the sensitivity of Feshbach molecules to inelastic decay can inhibit loss and lead to a stable correlated state, as recently demonstrated with 87 Rb 2 in a one-dimensional trap [98] .
Various mixtures of ultracold atomic species offer a wide playground for ultracold heteronuclear molecules, and the basic interaction properties of many different combinations involving bosonic and fermionic atoms are currently being explored. A new twist to the field is given by ultracold Fermi-Fermi systems, which have recently been realized in mixtures of 6 Li and 40 K [99, 100] . Molecule formation is such systems will lead to bosonic molecules, which in the many-body context may lead to new types of pair-correlated states and novel types of strongly interacting fermionic superfluids. Another interesting question is whether more complex ultracold molecules can be created than simple dimers. A first step into this direction is the observation of scattering resonances between ultracold dimers [101] which have been found in the collisional decay of an optically trapped sample of 133 Cs 2 molecules and interpreted as a result of a resonant coupling to tetramer states.
All the examples presented in this Chapter highlight how great progress is currently being made to fully control the internal and external degrees of freedom of various types of ultracold molecules under conditions near quantum degeneracy. This will soon enable many new applications, ranging from highprecision measurements and quantum computation to the exploration of few-body physics and novel correlated many-body quantum states. Several major research themes are obvious and will undoubtedly lead to great success, but we are also confident that the field also holds the potential for many surprises and developments which we can hardly imagine now.
